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ON DIFFERENTIAL TRANSFORMATION AND THE REVERSION 
OF SERIESES*. 


[Proceedings of the Royal Society of London, vu. (1856), pp. 219—223.] 
[Also Philosophical Magazine, 1x. (1855), pp. 391—394.] i 


WITH a view to its publication in the Proceedings of the Society, I take 
occasion to communicate the result of my investigations, as far as they have 
yet extended, into the general theory of differential transformations, con- 
taining a complete and general solution of the important problem of 
expanding a given partial differential coefficient of a function in respect of 
one system of independent variables in terms of the partial differential 
coefficients thereof, in respect to a second system of independent variables, 
each respectively given as explicit functions of the first set. 


This question may be shown to be exactly coincident with that of the 
reversion of simultaneous serieses proposed by Jacobi, which may be thus 
stated: given (n+1) quantities, each expressed by rational infinite serieses 
as functions of n others; required to express any one of the first set in a 
rational infinite series in terms of the other n of the same set. This question 
has only been resolved by Jacobi for a particular case ; the result hereunder 
given for the transformation of differential coefficients contains the solution 
of the general question. My method of investigation is entirely different 
from that adopted by the great Jacobi, and I hope in a short time to be able 
to lay it in a complete form before the Society, and probably to add a solution 
of the still more general question comprising the reversion of serieses as a 
particular case, namely, the question of expressing any one of n quantities 
connected by m equations in terms of any (n—m) others of the same. 


Let there be any number of variables, say u, v, w, of which a, y, z, X are 
given functions, it is required to expand 


(ae) (a) Ge) ® | 


in terms of the partial differential coefficients of X, æ, y, z in respect of u, v, W. 


[* See p. 65, below. ] 
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Form the determinant 


de de de 
du’ dv’ dw 
dy dy dy 
du’ dv’ dw)’ 
du’ dv’ dw 


which call J. 
` The required expansion will contain in each term an integer numerical 


coefficient, a power of a one factor of the form 


Gin) (Ge) (aa) * 
and other factors of the form 

(ia) (ie) (ao) ® 

(ia) ae)” Ge) # 

ia), Gad) e 


Let the latter class of factors be distinguished into two sets, those where 


l+m+n=1, 
t=1 m=0..n=0 
(e l=0 m=1 "0 J, 
or l=0 m=0 n=l 


which I shall call uni-differential factors, and those in which 1+ m+n>1, 
which I shall call pluri-differential factors. 


First, then, as to the form of the general term abstracting from the 
numerical coefficient and the uni-differential factors (except of course so far 
as they enter into J). This will be as follows: 


T E OO EE KIO 
2 Gi ie (qe) Gaa TARN x (e (e ( £ "y 
j ay (a) (5) "s Eaa (E ( i i ( E jz 


* (aa) (a) Ga) T 


subject to the limitations about to be expressed. 
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Call +4%,+...+%,=D,, 
1], + la +... + “ly = La, 
Uy + ly +... + y= Ls, 
and form the analogous quantities M,, M,, Ms; Ni, Na, N;. Then we must . 
have 
L,+L,4+L,+M,+M,+M,+N,+N2t+ Net ptqtraftgth+atate; 
and as the sum of any group of indices l, m,n must not be less than 2, 
we have 
ftgth+aq+a%+¢+p+qtr7, not less than 2e, + 2e, + es, 
so that e, +e, +e, must not exceed f+ g+h+p+q+r; furthermore, p+g +r 
must not exceed f+g+h; and finally, 
| wo=ft+gtht+ateate. 
1. We may first take e, + e + e; = Æ, giving to Æ in succession all integer 


values from f+g+h to 2f+ 2g + 2h, and find all possible solutions of this 
equation with permutations between the values of @, €z, és. 


2. We may then take p+q+r=s, giving s in succession all integer 
values from 1 to f+g +h, and find all possible solutions of this equation 
with permutations between f, g, h. 


3. We may then take L+M+N=f+9+h+H#-—s, and find all the 
values of L, M, N, with permutations allowable between the values of L, M, N. 


4. We may then take 
L,+1,+1,=L, 


M, + M, + M, = M, 
Ni +N +N, =N, 


and solve these several equations in every way possible, with permutations as, 
before. 


5. We must take 
I++... +L =L, m+%mt+...+¢m=M, 4+,4+...+%n,=M, 
H+ a “lg=Ln, mtm «... “*m=M,, Mmt «... n= Ny, 
H+? ... %s=L,, m+’ ... m= M, mtm ... EN, 


and solve in every possible manner these equations, but without admitting 
permutations between the values of 1}, 24 ... al, or between the values of the 
members of the other of the third sets taken each per se, and subject to the 
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condition that every such sum as "l; +”m;+"”n; must be greater than unity. 
Every possible system of values of these nine sets will furnish a corresponding 
pluri-differential part to the general term. 


Next, as to the uni-differential part, we may form the quantity 


dy de _dy de (dy de _ dy deve (dy de _ dy dey 
(z dw dw dv) \dw du du =) $s dv dv du) ’ 
dz dz _ de day (dz dz_ dz day (dz de _ dz day: 
p dw dw dv en du du dw E dv dv du) ’ 
(= dy _ dæ 2)" (x dy _ da ay" (ee dy _ dæ A 
dv dw dw dv dw du du dw du dv dv du) ’ 


where 


fy + e+ p = M +g, 
n +trnt+tn =N +r. 


These equations are to be solved in every possible manner with permutations 
between the members of the A set, the y set, and the v set. Finally, we have 
to consider the numerical coefficient. To give a perfect representation of this, 
we must ascertain what identities exist in the factors of the pluri-differential 
part. Let us suppose that one set of operators upon æ is repeated @, times, 


another @, times, and so on, giving rise to the powers @,, @3, 


6, in the æ 


line. Similarly, form ¢,, $», ... $a from the y line, and 47, Wo, ... Yy from the 


z line. 


Then the numerical part of the general term will be 


TT (Ay + pa + n) I (Ag + po + va) TL (Ag + ps +s) 
TTA, Hya Ty, Ag TH peo Ty, TA, H ues Lv 


Il (£+ p) Tl (M+q) (VN +r) 


| 


I} I’m, In, Meh Mm, Mn, 
I}, m, Mn M tl T m, IMn 


...... 


I Tm, Mn, MLM m, IMn... 


D 


* 110, 110, ... 110, 11g, 114, ... Udy Ly liya... Ly,’ 


where in general IIm means 1.2.3...m: as regards D, it is the following 
determinant, namely, 


M+ my +, 


v 


v 


V Ag+ fa + 9 v 


v 
M 
þa 


vi 


v 


Ne 
My 


Va 


M + Ha + ns 
Aa 
Ms 


Vg 


L, 


Li+ L+ L;+p v 
M,+M,+M,+q v» 


y 


v 


y 


www.rcin.org.pl 


TE 


N, +N:+N; +r ' 


54 On Differential Transformation [11 


The result, for greater brevity, has been set out in the above pages for the 
case of X, a function of three variables, but the reader can have no difficulty 
in extending the statement to any number. In the case of a single variable, 
the formula can easily be identified with that given by Burman’s law. It is 
noticeable that the determinant written is of the form ; 


Apqr + Bpq + Cor + Drp + Ep + Fq + Gr, 


the part independent of p, q, r being easily seen to vanish. Moreover, 
the coefficients A, B, C,... are all essentially positive, so that the determinant 
can only vanish (except for p=0, r=0, g=0) by virtue of one condition at 
least more than the number of the variables. 
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